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Приводится доказательство одной формулы на стр. 157 [2].
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Доказательство формулы на стр. 157 [2] 

Т1  Если y = x1·x2·…·xn, то

∂
n F ( y)

∂ x1∂ x2 ...∂ xn

=∑
k =1

n

S (n, k)· yk − 1·F(k)(y),

где S (n, k) — числа Стирлинга 2-го рода.

 ◄ 
∂(x1⋅x2⋅...⋅xn)

∂ xi

=∏
k =1

i−1

xk · ∏
k = i+ 1

n

xk = ∏
{k =1

k≠i

n

xk =  xi ≠ 0  = y/xi ⇒

⇒
∂ F (x1⋅x2⋅...⋅xn)

∂ x1

= F(1)(x1·x2·…·xn)· x2·…·xn = F(1)(x1·x2·…·xn)· x1
0 ·x2·…·xn ⇒

⇒
∂

2 F ( x1⋅x2⋅...⋅xn)

∂ x1∂ x2

= ∂
∂ x 2

(F(1)(y)· x2·…·xn) = F(2)(y)·x1·x2·x3
2·…·xn

2 + F(1)(x1·x2·…·xn)·x3·…·xn ⇒

⇒
∂

3 F (x1⋅x2⋅...⋅xn)

∂ x1 ∂ x2 ∂ x3

= ∂
∂ x3

(F(2)(y)·x1·x2·x3
2·…·xn

2 + F(1)(y)·x3·…·xn) =

= F(3)(y)·x1
2·x2

2·x3
2 ·x4

3·…·xn
3 + 2·F(2)(y)·x1·x2·x3·x4

2·…·xn
2 + F(2)(y)·x1·x2·x3·x4

2·…·xn
2 + 

+ F(1)(y)·x4·…·xn) = 
= F(3)(y)·x1

2·x2
2·x3

2 ·x4
3·…·xn

3 + 3·F(2)(y)·x1·x2·x3·x4
2·…·xn

2 + F(1)(y)·x4·…·xn) ⇒…

…⇒
∂

n−1 F ( y)
∂ x1 ∂ x2 ...∂ xn−1

=∑
k =1

n−1

S (n − 1, k)·(x1·x2·…·xn − 1)k − 1
 F(k)(y) · xn

k  =

⇒
∂

n F ( y)
∂ x1 ∂ x2 ...∂ xn

= ∂
∂ xn

∑
k = 1

n−1

S (n − 1, k)·(x1·x2·…·xn − 1)k − 1
 ·F(k)(y)· xn

k  =

=∑
k =1

n−1

S (n − 1, k)((x1·x2·…·xn − 1)k · xn
k

 F(k + 1)(y) + k·(x1·x2·…·xn − 1)k − 1 · xn
k −1 ·F(k)(y)) =

=∑
k = 1

n−1

S (n − 1, k)(yk · F(k + 1)(y) + k·yk − 1· F(k)(y));

  j =  k + 1 ⇒ k = j − 1; 1 ⩽ k ⩽ n − 1 ⇒ 1 ⩽  j − 1 ⩽ n − 1 ⇒ 2 ⩽ j ⩽ n ⇒

 ⇒∑
k =1

n−1

S (n − 1, k)·yk
 ·F(k + 1)(y) =∑

j = 2

n

S (n − 1, j − 1)·y j − 1
 ·F(j)(y) =  S (n − 1, 0) = 0  =

=∑
k = 1

n

S (n − 1, k − 1)·y k − 1
 F(k)(y) =

= S (n − 1, n − 1)·yn − 1· F(n)(y) + ∑
k = 1

n−1

S (n − 1, k − 1)·y k − 1·F(k)(y) =
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 [1] (6.3) стр. 289 ⇒ S (n, k) = S (n − 1, k − 1) + k·S (n − 1, k) ⇒

 ⇒ S (n − 1, k − 1) = S (n, k) − k·S (n − 1, k);

S (n − 1, n − 1) = S (n, n) = 1 

= S (n, n)·yn − 1· F(n)(y) +∑
k = 1

n−1

(S (n, k) − k·S (n − 1, k))·y k − 1·F(k)(y) ⇒

 ⇒∑
k = 1

n−1

S (n − 1, k)(yk · F(k + 1)(y) + k·yk − 1· F(k)(y)) =

= S (n, n)·yn − 1· F(n)(y) +∑
k = 1

n−1

S (n, k)yk − 1 · F(k)(y) −∑
k = 1

n−1

k·S (n − 1, k)·y k − 1·F(k)(y) +

+∑
k = 1

n−1

 k·S (n − 1, k)·yk − 1· F(k)(y) = S (n, n)·yn − 1· F(n)(y) +∑
k = 1

n−1

S (n, k)yk − 1 · F(k)(y) =

=∑
k =1

n

S (n, k)yk − 1 · F(k)(y)  ►
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